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The resolution of NP-hard problems, including the traveling salesman problem
and graph coloring, continues to be a major hurdle in computational science.
While traditional algorithms are effective for smaller problems, they often require
excessive computational resources for larger instances. Distributed systems
present a potential remedy by harnessing parallelism, but they encounter inherent
obstacles such as latency and synchronization overhead. Quantum computing
emerges as a promising alternative with its potential for exponential speedups, yet
it faces practical constraints like noise and scalability issues. This research
investigates quantum approximation algorithms for tackling NP-hard problems in
distributed systems, with an emphasis on hybrid quantum-classical
methodologies. By crafting approximation techniques specifically for distributed
environments and suggesting innovative approaches to incorporate quantum
nodes into a distributed system, this study aims to surmount current limitations
and lay the groundwork for scalable quantum-assisted problem-solving. The
proposed methods undergo evaluation through theoretical analysis and
experimental simulations, showcasing their capacity to address computational
bottlenecks in distributed systems.

Keyword: NP-hard problems, quantum approximation algorithms, distributed
systems, hybrid quantum-classical computing, quantum speedup.

1. INTRODUCTION

Many scientific, industrial, and logistical
challenges are rooted in NP-hard problems, which
include tasks like supply chain optimization,
scheduling, and network design. These problems are
notable for their computational complexity; as the
size of the problem increases, traditional algorithms
require exponentially more resources, making them
impractical for large-scale applications. The traveling
salesman problem (TSP) and graph coloring
exemplify situations where finding exact solutions
becomes unfeasible for large inputs. Distributed
systems, which employ multiple computational
nodes to tackle large-scale problems, present a
potential solution to the resource demands of NP-
hard problems. By distributing tasks across nodes,
these systems can achieve parallelism and decrease
computational time. However, distributed systems

face significant challenges, including latency,
synchronization overhead, and communication
bottlenecks, which limit their effectiveness in
addressing NP-hard problems.

The field of quantum computing has emerged as a
groundbreaking technology with the capacity to
transform computational problem-solving. By
harnessing quantum principles such as superposition
and entanglement, algorithms like Grover's search
and the quantum approximate optimization algorithm
(QAOA) offer the potential for substantial speed
improvements in specific problem categories.
However, the widespread implementation of
quantum computing in real-world scenarios faces
considerable hurdles, including issues related to
noise, limited qubit availability, and the need for
effective error correction techniques.
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Despite advancements in classical and distributed
methods for tackling NP-hard problems, the issue of
scalability remains a significant challenge. Quantum
computing, although theoretically promising, has yet
to consistently deliver scalable solutions for real-
world applications due to current technological
constraints. An unexplored opportunity exists in
combining quantum and classical computing within
distributed frameworks. Such hybrid systems could
potentially overcome the limitations of each
approach by harnessing their respective strengths,
offering a feasible strategy for addressing NP-hard
problems on a larger scale.

The objective of this research is to address the
disconnect between theoretical possibilities and real-
world application by investigating quantum
approximation algorithms specifically designed for

distributed  systems. This work's  primary
contributions encompass:
1. Creating computational methods that

integrate the speed advantages of quantum
systems with the resilience of classical
approaches to tackle the issues of noise and
errors in quantum computation.

2. Implementing specialized approximation
techniques tailored for distributed systems to
improve scalability and performance.

3. Unveiling a groundbreaking approach to
collaborative problem-solving that utilizes
linked quantum components, enabling the
optimal application of quantum resources
across diverse networks.

this study aims to create a fundamental structure for
expanding quantum-enhanced problem-solving
techniques in decentralized systems by tackling these
research goals.

The structure of this paper is as follows: A
comprehensive analysis of previous research,
encompassing  traditional, decentralized, and
quantum methods for tackling NP-hard problems, is
presented in Section 2. The subsequent section
introduces the mnovel hybrid quantum-classical
system, outlining its algorithmic design and
theoretical foundations. Section 4 elaborates on the
experimental methodology and assessment criteria
employed in this investigation. The findings are
examined in Section 5, emphasizing both the
advantages and constraints of the proposed
techniques. The paper concludes in Section 6 with a
summary and suggestions for future research
directions.

2. LITERATURE REVIEW

In the realm of computer science, considerable
focus has been placed on investigating NP-hard
problems, with particular emphasis on creating
algorithms capable of tackling these intricate issues
effectively.  Traditional approaches, including
branch-and-bound and dynamic programming
techniques, are well-known methods for resolving
NP-hard problems. While these precise algorithms
ensure  optimal  outcomes, they  become
computationally impractical as the dimensions of
problem instances grow larger [1][2]. Due to this
constraint, scientists have turned to exploring
approximation algorithms. These methods offer
solutions that can be computed in polynomial time
and come with guaranteed limits on the quality of the
results. This approach effectively balances the trade-
off between achieving optimal solutions and
computational efficiency [3][4]. NP-hard problems
have been extensively addressed using heuristic and
metaheuristic methods. Various techniques, including
genetic algorithms, simulated annealing, and ant
colony optimization, have shown practical success in
multiple fields such as logistics, scheduling, and
resource allocation. These approaches have proven
their  effectiveness in  tackling  complex
computational challenges across diverse domains
[5][6][7]. While these approaches often produce
acceptable results within reasonable timeframes, they
frequently face challenges in maintaining efficiency
as the scale of problems increases. This highlights the
need for alternative techniques that can preserve
solution quality while effectively handling larger-
scale issues [8].

Large-scale NP-hard problems can potentially be
tackled using distributed systems, which harness the
computational capabilities of multiple nodes. By
breaking down complex tasks into smaller, more
manageable components, methods such as
MapReduce and parallel branch-and-bound have
been utilized to improve computational performance
[9][10]. Nevertheless, deploying distributed systems
comes with its own set of obstacles. Problems such
as synchronization issues, excessive communication
overhead, and the need for fault tolerance can
substantially impede the system's ability to scale and
operate efficiently [9][11]. While recent progress in
distributed algorithms has concentrated on enhancing
load distribution and reducing communication
between nodes, significant challenges persist in
developing real-time solutions for intricate NP-hard
problems [9][12].

Research indicates an increasing focus on hybrid
methodologies that blend traditional algorithms with
heuristic and metaheuristic techniques to improve
efficiency in solving NP-hard problems. One notable
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example is the successful application of genetic
algorithms in conjunction with other optimization
methods across various domains, such as task
scheduling and resource distribution [7][13][14].
Additionally, research into quantum computing as a
possible answer to NP-hard problems has become
increasingly popular. Studies suggest that quantum
annealing techniques might offer considerable
benefits compared to traditional approaches in
specific scenarios [15][16].

The use of machine learning techniques to
enhance the resolution of NP-hard problems is a
growing field of study. Researchers are exploring
data-driven methods to boost the performance of
conventional algorithms and elevate the caliber of
solutions produced by heuristic approaches. This
emerging area of research aims to leverage machine
learning's capabilities to tackle complex optimization
challenges more effectively [13][17]. The
convergence of Al and combinatorial optimization
opens up promising avenues for progress in the field
and tackles the shortcomings of current methods. The
realm of solving NP-hard problems encompasses a
wide range of techniques, each with its own
advantages and drawbacks. Although classical exact
algorithms yield optimal results, their computational
requirements restrict their use to smaller-scale
problems. More practical options like approximation
algorithms and heuristics often face challenges with
scalability. Future research directions show promise
in distributed systems and hybrid approaches, which
aim to leverage multiple computational resources and
combine various optimization techniques. As this
field progresses, the investigation of innovative
methodologies, including quantum computing and
machine learning, is likely to be crucial in
surmounting the obstacles presented by NP-hard
problems.

Quantum computing marks a revolutionary shift
in computational problem-solving, especially for
challenges classified as NP-hard. The distinctive
features of quantum mechanics, including
superposition and entanglement, allow quantum
algorithms to surpass traditional methods in certain
scenarios. A prime example of this advantage is
Grover's search algorithm, which demonstrates a
quadratic improvement in speed for unstructured
search problems compared to classical algorithms
that require linear time complexity [18][19]. The
acceleration is especially notable when dealing with
NP-hard problems, as these involve extensive and
computationally demanding search spaces [20][21].

Another promising quantum algorithm applied to
combinatorial optimization problems is the Quantum
Approximate Optimization Algorithm (QAOA). This
approach has demonstrated potential benefits when

compared to traditional classical methods [22][23].
Quantum states are utilized by QAOA to more
effectively explore solution spaces, providing a
promising method for addressing NP-hard problems.
Nevertheless, the practical application of these
quantum algorithms faces obstacles due to current
hardware constraints, such as qubit coherence
durations, gate accuracies, and the intricacies of error
correction techniques [24][25]. These obstacles
require continuous research initiatives focused on
creating algorithms that can withstand noise and
improving the capabilities of quantum hardware.
Such efforts aim to enable scalable solutions for
problems classified as NP-hard [26][27].

In response to the constraints of current quantum
computing hardware, a hybrid approach combining
quantum and classical methods has been developed.
This strategy is exemplified by variational quantum
algorithms (VQAs), which include techniques such
as the variational quantum eigensolver (VQE) and
QAOA. These algorithms integrate classical
optimization procedures with quantum
computational processes to overcome existing
limitations [23][28]. These combined approaches are
especially suitable for quantum devices in the near
future, enabling scientists to leverage quantum
benefits while addressing the limitations of current
hardware [22][29]. Current research has started
investigating the use of these combined frameworks
for particular NP-hard problems, though their
implementation in distributed systems remains a
largely unexplored field [30][31].

The cutting-edge field of distributed quantum
computing aims to enhance quantum system
capabilities by linking multiple quantum nodes via
quantum networks. This innovative approach
facilitates the sharing of quantum resources and
enables the execution of large-scale quantum
computations, which is crucial for tackling the
intricacies of NP-hard problems [32][33]. The
implementation of distributed quantum systems
relies heavily on methods like quantum teleportation
and entanglement distribution. These processes are
essential for enabling multiple quantum processors to
work  together, thereby increasing overall
computational capabilities [34][35]. Nevertheless,
real-world applications of distributed quantum
computing are still in their early stages, grappling
with issues such as network delays, quantum state
degradation, and efficient distribution of
computational resources [19][36].

While conceptual frameworks for distributed
quantum computing have been established,
substantial obstacles persist in implementing these
systems for practical applications. One major
challenge is the need to develop innovative
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approaches for maintaining reliable communication
between quantum nodes while preserving the
integrity of quantum states, which presents a complex
problem requiring creative solutions [37][38].
Moreover, creating effective algorithms capable of
harnessing the distributed nature of quantum
computing is essential for realizing the full potential
of this innovative  technology [39][40].
Advancements in scientific inquiry may lead to novel
methods for tackling NP-hard problems more
effectively by combining distributed quantum
computing  with  hybrid  quantum-classical
techniques.

A novel approach to tackling NP-hard problems is
offered by quantum computing, with algorithms such
as Grover's search and QAOA showing considerable

promise for accelerating computations. Nevertheless,
the practical application of these algorithms is
hindered by current hardware constraints, leading
researchers to investigate hybrid quantum-classical
techniques and distributed quantum computing
systems. Ongoing studies in these fields seek to
surmount existing obstacles and harness the full
capabilities of quantum computing in resolving
intricate computational challenges.

3. METHODOLOGY

The suggested approach combines quantum and
classical computing in a distributed system to address
NP-hard challenges. Figure 1 showcases the overall
process, demonstrating how classical nodes, quantum
nodes, and the central controller interact with one
another.

Input Processing

il Classical Pre-

processing

Processing Pipeline

Result Integration

Problem Input

Quantum Computing

i Quantum Suitable

QuUEBO QPU Quantum

Problem
Analysis

Classical
Split
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Integration Solution
v
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Fig 1. Diagram illustrating the interplay between conventional nodes, quantum nodes, and a central
control unit.

The approach is divided into three primary stages:
breaking down the problem, implementing quantum
approximation, and synthesizing the results. Each
stage is meticulously crafted to exploit the
advantages of both quantum and traditional
computing methods.

a) Problem Decomposition

The foundation of the problem decomposition
process lies in effectively partitioning the input
graph G = (V,E), where V is the set of vertices
and E the set of edges, into smaller, manageable
subsets. This is achieved by creating a partition set
P ={S81,S,, ..., Sk}, which satisfies the following
properties:

e Every vertex in I/ belongs to exactly one subset

in P
k
USi=V (1)

i=1

e No two subsets share a vertex

Si ﬂS] = (D,Viij (2)

e The decomposition minimizes an objective
function J(P), balancing edge cuts and subset
balance

k
J(P) = Z(/h cut(S) + 4, 3)
i=1

balance(S;))

where Cut(S;) represents the number of edges
that span across subsets, computed as:
cut (S;) = 1(ueSs,ve&s) 4)

(wv)EE

balance(S;) ensures equitable partition sizes,
given by:

i’
15— —

balance (S;) = k

)
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and A; and A, are weighting factors to
prioritize edge-cut minimization or size
balance.

e If the optimal number of subsets k is not
predefined, it is determined dynamically by
optimizing:
minimize: ®(k)

k
= Zl(;{l ' Cut(Sl-) (6)

+ 1, -balance(Si))

+ A3k
where A3 penalizes excessive subdivision to
avoid over-partitioning.

e The decomposition iteratively adjusts
partitions to further reduce J(P), using
optimization methods such as simulated
annealing or gradient descent.

b) Quantum Approximation

QAOA and other approximation algorithms are
implemented by quantum nodes to address
assigned sub-problems. In the case of QAOA, the
cost function is expressed as:

C()= wij (1 — zz;) 7)
(L.J)eE

where Z represents the solution vector (a binary
variable indicating node assignments), E is the set
of edges, and w;; are the edge weights
representing the cost or distance between nodes i
and j. This cost function encodes the optimization
objective, where minimizing C(Z) corresponds to
finding a solution with optimal edge assignments.

The QAOA process involves parameterized
quantum circuits defined by angles y and ﬁ , which
represent the variational parameters. These
parameters are optimized iteratively using a
classical optimizer to minimize the expected value
of the cost function:

F(7.8) = ( 7.8)Icly (7.5)) ®)

Where |l/)()7, E)) denotes the quantum state
generated by applying the QAOA circuit with the
parameters ¥ (associated with the cost
Hamiltonian) and E (associated with the mixing
Hamiltonian). The process iteratively updates y
and E to minimize F ()7, E ), thereby refining the
solution quality.

This hybrid quantum-classical optimization
framework ensures that quantum nodes handle
computationally intensive sub-problems while
leveraging classical algorithms to optimize
quantum parameters and aggregate results.

¢) Result Integration

The final phase of the methodology involves
aggregating and synthesizing the results from
quantum and classical nodes to form a coherent
global solution to the NP-hard problem. This
phase is critical to ensure that the distributed
computations, both quantum and classical,
contribute  meaningfully to the overall
optimization objective. Each quantum node
outputs a local solution z, optimized for its
assigned sub-problem. These solutions are
transmitted to the classical central controller. To
ensure consistency and eliminate redundancy, the

controller performs a preliminary aggregation:
k

Eaggregated = UZL ©)
i=1

where overlaps or conflicts in the solutions are
resolved using a pre-defined merging rule, such as
selecting the solution with the lowest local cost
C;(Z;). After initial aggregation, the central
controller performs a global optimization step to
refine the combined solution as equation (7),
subject to constraints ensuring feasibility and
consistency across all sub-solutions. This step
involves classical optimization techniques, such
as linear programming or metaheuristics, to
address inconsistencies or improve the quality of
the overall solution.
To address potential errors or inconsistencies
arising from quantum noise or communication
delays, the final solution undergoes validation.
Error mitigation techniques, such as redundancy
checks and probabilistic correction, are employed
to ensure the reliability of the final solution.

The study employs benchmark datasets for two
classical NP-hard problems: the Traveling Salesman
Problem (TSP) and the Graph Coloring Problem. For
TSP, data is sourced from TSPLIB [41], a widely
used library containing weighted graphs that
represent cities as vertices and distances as edge
weights. The dataset includes instances ranging in
size from tens to thousands of nodes, offering a range
of complexity levels suitable for rigorous testing. For
the Graph Coloring Problem, data is obtained from
the DIMACS dataset, which provides graphs
specifically designed for combinatorial optimization



ALCOM: Journal of Algorithm & Computing Vol.01, No.01 (2025) 033—044 38

challenges. These graphs are unweighted and vary in
density, requiring the assignment of colors to vertices
such that no two adjacent vertices share the same
color. Instances range from small graphs with a few
dozen vertices to larger ones containing several
hundred vertices.

Before integrating these datasets into the hybrid
framework, several preprocessing steps are applied.
For the TSP dataset, edge weights are normalized to
ensure consistent scaling across instances. The
normalization formula used is:

w;j — min (w)

@normalized _

(10)
Y max(w) — min (w)

where w;;is the original edge weight for the edge
connecting nodes i and j, min (w) is the smallest
edge weight in the dataset, and max (w) is the largest
edge weight in the dataset. For both problems, graph
partitioning is employed to divide the input graphs
into smaller subgraphs, enabling parallel processing.
This partitioning follows the decomposition method
described earlier, ensuring that the subsets of vertices
are disjoint and collectively cover the entire graph.
Additionally, inter-subgraph edges (edge cuts) are
minimized to improve the efficiency of distributed
processing. The preprocessed data is then converted
into adjacency matrix and edge list formats to ensure
compatibility with both classical and quantum
processing modules.

4. RESULT

In this segment, we outline the experimental
assessment of our novel quantum-classical hybrid
approach, focusing on its application to two
optimization challenges known to be NP-hard: the
Traveling Salesman Problem (TSP) and the Graph
Coloring Problem. The effectiveness of our
framework was evaluated using three primary
performance indicators: the quality of solutions
generated, computational speed, and the ability of the
algorithm to handle larger problem sizes.

a) Performance Analysis on Traveling Salesman

Problem
Our hybrid quantum-classical framework
underwent extensive testing using three

renowned TSPLIB instances: berlin52,
eil51, and rat99, comprising 52, 51, and 99
cities respectively. These particular cases were
selected to encompass a range of geographic
distributions and computational challenges. The
framework's implementation utilized Qiskit for
quantum operations (IBM Q System) and
Python 3.9 for classical components. All tests
were run on a machine equipped with an Intel
Xeon E5-2680 processor and 64GB RAM. To
ensure statistical robustness, each instance was
resolved 30 times under varying initial
conditions. A thorough comparative analysis
between our framework's results and known
optimal solutions is presented in Table 1.

Table 1. Comparative Analysis of TSP Solutions on TSPLIB Instances

o Optimal Best Average Worst Mean Success
Instance  Cities Cost Solution  Solution  Solution  Gap (%) Std Dev Rate (%)
berlin52 52 7,542 7,589 7,642 7,801 1.32 0.45 92.3
eil51 51 426 428 432 441 1.41 0.38 90.7
rat99 99 1,211 1,228 1,242 1,289 2.56 0.62 85.4

We analyzed the computational efficiency through time complexity analysis as seen in Table 2:

Table 2. Time Complexity Analysis

Quantum Classical Total Convergence
Instance . R . .

Processing Processing Runtime Time
berlin52 12.3s £ 0.8s 5.4s+0.3s 17.7s £ 1.1s 15.2s
eil51 11.8s+0.7s 5.2s+0.4s 17.0s = 1.0s 14.8s
rat99 28.4s+ 1.2s 9.8s £ 0.6s 38.2s+1.8s 34.5s
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The framework demonstrated robust

convergence characteristics with convergence
rate on instance ber1in52 is 92% of optimal
solution reached within 150 iterations. While for
instance €i1151 has 90% of optimal solution
reached within 142 iterations. Then the last
instance rat99 has 85% of optimal solution
reached within 284 iterations.
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o Gap % -o- Std Deviation - Energy Level

Fig.3. TSP Convergence Analysis

To validate the results, we performed several
statistical tests. The first test is the Wilcoxon
Signed-Rank Test, and we got the result: Ho:
Framework solutions = Optimal solutions; p-
value < 0.001 for all instances; and Effect size
(r) = 0.67 (large effect). Second test is

confidence intervals (95%) are shown in Table
3.

Table 3. Confidence Intervals

Instance Lower Upper Margin of
Bound Bound Error
berlin52 7,589 7,695 +53
eil51 428 436 +4
rat99 1,228 1,256 +14
b) Performance Analysis on Graph Coloring

Our hybrid framework underwent thorough
testing using two distinct graph types: large-
scale random weighted graphs and standard
DIMACS  benchmark  instances. This
comprehensive evaluation strategy allowed us to
assess both the scalability and the quality of
solutions across various graph structures. For
the random weighted graphs, we employed the
Erdés-Rényi model to generate and test
instances with different densities, as illustrated
in Table 4.

Table 4. Performance on Random Weighted Graphs

. . Optimal Gap . Memory
Vertices Edges Density 1 Framework y (%) Runtime (s) (GB)
100 495 0,1 4 4 0.0 2.8 0.2
500 12,375 0,1 8 9 12.50 18.4 0.8
1000 49,500 0,1 11 12 9.09 45.7 1.7
5000 1,237,500 0,1 19 22 15.79 384.2 8.4
10000 4,950,000 0,1 27 32 18.52 892.6 16.8
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then performance metrics across

variations are shown in Table 5.

density

Table 5. Performance metrics across density

Density Avg Gap Avg. Success
(%) Runtime (s) Rate (%)
0.1 11.18 268.7 88.4
0.3 14.23 342.5 82.6
0.5 16.87 458.9 78.2
0.7 19.45 5243 73.8

600

01 03 05 o7
W Gap % -o- Success Rate % -o- Runtime (s)

Fig 5. Graph Density Impact
While Figure 6 examines how varying graph

density influences performance metrics,
including gap percentage, success rate, and
runtime.
3400
2550
1700
850
0 : S S— : ;
50 100 500 1000 5000

- TSP Runtime (s) < Graph Coloring Runtime (s) Memory Usage (G
Problem Size (n)

Fig 6. Time and Memory Scaling

By integrating these metrics, the chart sheds
light on the inherent trade-offs between
achieving high-quality solutions and managing
computational cost. Together, these analyses
provide a comprehensive overview of the
challenges and opportunities in tackling
complex graph problems.

5. DISCUSSION

The findings underscore the efficacy of the hybrid
quantum-classical method in tackling the issues

Figure 5 presents a scatter plot illustrating
how runtime scales with increasing problem
size, reaching up to 10,000 vertices. This
visualization highlights the polynomial time
complexity characteristic of the methods,
offering a clear picture of their scalability
and computational limits as problem size
Srows.

outlined in the problem statement. Conventional
classical algorithms often encounter major scalability
problems when dealing with large-scale NP-hard
problems like the Traveling Salesman Problem (TSP)
and Graph Coloring. Conversely, purely quantum
algorithms are limited by noise and restricted qubit
numbers, reducing their practical use. The suggested
hybrid framework effectively bridges this divide by
merging the advantages of both approaches. In the
case of the TSP, the framework's solutions, which are
close to optimal with gaps below 3%, showcase its
capacity to strike a balance between computational
efficiency and precision. This outcome directly
addresses the issue of excessive computational
resources required by classical methods, as the hybrid
system substantially decreases execution time while
preserving high-quality results. The scalability
analysis further supports the system's resilience, with
execution times increasing linearly even for larger
problem instances. Our framework was evaluated
against cutting-edge classical algorithms as
illustrated in table 6.

Table 6. Algorithm benchmark of TSP

Algorithm Average  Runtime  Memory
Gap (%) (s) Used (MB)

Our

Framework 1.76 24.3 845

Z-opt ~Local g9 18.7 623

Search

Simulated 2.43 22.1 712

Annealing

Genetic

Algorithm 2.12 25.8 892
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The framework's effectiveness in tackling TSP
challenges is evident from these outcomes,
showcasing its ability to provide high-quality
solutions efficiently. Its robust performance across
various TSPLIB instances underscores its strength in
handling geometrically diverse problems.

Regarding Graph Coloring, the framework excels
with smaller graphs and achieves respectable
accuracy for larger, more dense graphs. The slightly
increased solution gaps in these instances point to
potential areas for improvement, where quantum
noise and inefficiencies in classical optimization
could be addressed. Nevertheless, the framework's
consistent results across different graph densities
highlight its wversatility in adapting to various
problem structures, effectively tackling the
challenges of synchronization and latency in
distributed systems. Table 7 presents a comparison of
the framework's performance against cutting-edge
algorithms.

Table 7. Algorithm benchmark of Graph Coloring

Algorithm Avg Avg Memory
Gap Runtime  Usage (GB)
(%) ®

Our 8.64 284.5 54

Framework

DSATUR 12.42 198.7 3.8

Tabucol 10.87 256.3 4.2

Ant Colony 11.24 342.8 6.1

Opt.

The success of the framework hinges on
combining classical global refinement with quantum-
local optimization. The system achieves an
unparalleled equilibrium by utilizing classical
techniques for systematic global adjustments and
quantum nodes for rapid local resolutions. This
synergy is further emphasized by the scalability
analysis, which showcases the hybrid approach's
efficiency in problem decomposition and integration
at various scales. The hybrid method consistently
matches the accuracy of classical approaches, while
purely quantum implementations show more varied
outcomes. Although performance decreases across
all methods as problem complexity grows, the hybrid
model maintains superior stability throughout, as
illustrated in Figure 7.

For smaller problem sets, the classical approach
excels, utilizing its refined algorithms and advanced
hardware to produce highly efficient results.
However, its performance plateaus as problem sizes
increase, revealing the limitations of classical
methods in handling computationally demanding
tasks. Conversely, quantum implementations show
significant potential for acceleration, particularly in
addressing intricate problems. Nevertheless, this
potential is currently restricted by the limitations of

quantum hardware, including noise, limited qubit
availability, and stability concerns. These constraints
hinder its application to larger-scale problems where
quantum technology could otherwise demonstrate
superiority.

L - e —

50 100 500 1000

<-Classical - Quantum

Fig. 7. Solution Quality Comparison.

The hybrid methodology serves as a link between
classical and quantum approaches, leveraging the
advantages of both. It delivers consistent
performance across various problem dimensions,
remaining competitive for smaller-scale issues while
efficiently handling the escalating complexity of
larger ones. This versatility positions the hybrid
model as a promising candidate for addressing a wide
array of computational challenges. The runtime
performance of all three approaches is illustrated in
Figure 8.

100 500 1000 5000

m Classical m Quantum
Fig 8. Runtime Performance

Figure 9 presents a chart comparing error rates
among classical, quantum, and  hybrid
implementations, revealing unique characteristics for
each approach. Classical methods exhibit consistent
error patterns, demonstrated by their low overall error
rate. This reliability is a result of well-established
hardware and techniques refined over many years,
ensuring steady performance with minimal
fluctuations. On the other hand, quantum
implementations encounter substantial challenges
due to hardware-related noise. Particularly prominent
are gate and readout errors, as evidenced by their high
values. These errors stem from current quantum
hardware limitations, including decoherence, qubit
instability, and imperfect gate operations.
Consequently, the total error rate for quantum
implementations is considerably high, emphasizing
the necessity for improvements in quantum hardware
and error-correction strategies.
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Fig 9. Error Rates Comparison

Combining classical and quantum elements, the
hybrid approach offers a compelling solution to
address existing challenges. This method effectively
reduces quantum errors, as evidenced by its lower
gate and readout error rates when compared to purely
quantum implementations. Simultaneously, the
hybrid model maintains strong performance by
capitalizing on classical reliability while exploiting
the distinctive advantages of quantum computing.
This equilibrium establishes the hybrid approach as a
viable and encouraging framework for tackling
quantum system limitations while enhancing overall
computational precision.

6. CONCLUSION

The research showcases the efficacy of a
combined quantum-classical system in tackling NP-
hard challenges, specifically the Traveling Salesman
Problem (TSP) and Graph Coloring. This method
yielded solutions for TSP that were close to optimal,
with discrepancies below 3%, effectively balancing
computational speed and precision. The system
demonstrated  strong  adaptability, sustaining
consistent results across diverse problem sets and
graph densities, with processing times increasing
linearly even for more complex issues. When
compared to cutting-edge classical algorithms, the
hybrid approach proved competitive in terms of
solution quality, execution time, and memory
consumption. A notable advantage of the hybrid
model was its capacity to reduce quantum errors
while harnessing classical reliability, making it a
viable solution to the constraints of current quantum
systems. The research also highlighted potential
areas for enhancement, such as improving the
classical optimizer's performance, incorporating
quantum algorithms resistant to noise, and
broadening the system's application to other NP-hard
problems like vehicle routing and k-clique
enumeration. In conclusion, the study indicates that
the hybrid quantum-classical approach presents a
promising avenue for addressing NP-hard problems,
effectively combining the advantages of both
quantum and classical computing paradigms.
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